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Abstract

Climate data contains rich information and show high
dimensions. Through exploring the data trajectory of
climate data, climate change can be forecasted. Climate
data is typical high-dimensional data, unlike shallow
structures, deep structures have more advantages in
handling high-dimensional data. Deep neural networks
with multiple layers have ability of the data trajectory
discovery from the complicated high-dimensional data.
Here, this paper seeks to explore the data trajectory from
complicated climate data using the proposed deep neural
networks. First, using the sampling theorem to
reconstruct the discrete surface that can converge to the
original space. Thereafter, to minimize the error between
the original data trajectory and the extracted data
trajectory, the Brenier theoretical function in Brenier
Theorem is used as the loss function of the deep neural
networks. By doing so, the deep neural networks can
extract the data trajectory from climate data as accurate
as possible. Finally, as an important application, since a
thorough understanding of the data trajectory of climate
data is essential for understanding the effect of earth’s
future climate.
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1. Introduction

Climate data has obvious spatial and temporal
characteristics, which not only requires real-time updates
but also needs precise measurements at different times
and locations. Additionally, climate data is also influenced
by these factors, such as terrain and altitude, thereby

displaying complex characteristics for the data on spatial
distribution. Therefore, climate data has both regular
temporal characteristics and obvious spatiality. Climate
data contains rich valuable information, through
discovering the data trajectory, climate change can be
forecasted. Due to climate data is a type of high-
dimensional data, intelligent methods based on automatic
extraction relation patterns are popular (Jian Zheng et al.
2023). For example, deep learning has some applications
in terms of automatic extraction relation patterns like
seeing, listening and speaking (Chong Wang et al. 2024;
Soyiba Jawed et al. 2024). Deep neural networks can
capture as accurately as possible the correct input during
training sample (Jianzhu Ma et al. 2018), which may be
constructed from many-layered, i.e., ‘deep’. Deep neural
networks have been used to solve difficult problems in the
field of image and speech recognition (Vasileios
Skaramagkas et al. 2023). The Ref. (Yang Yang et al. 2023)
and Ref. (Weichao Lan et al. 2024) indicate that the
stacked neural networks can extract complicated patterns
from high-dimensional data.

Recently, deep neural networks have been used for
extracting the trajectory from the complicated high-
dimensional data. Goldberg et al. (2018) indicate that the
trajectory learning is based on that the data samples or
their features reside a low-dimensional trajectory.
Bethany et al. (2018) succeeded in combining the linear
embedding and the auto-encoder to recognize the
nonlinear coordinates, however, the approach needs to
dynamical adjust. Tompson et al. (2014) propose that it is
effectively to solve the complex machine learning
problems by introducing the ‘weak learners’ into an
ensemble approach to develop relatively simple solutions,
but the method gets some simple solutions.

1.1. Motivation

In this brief, we study how to extract the data trajectory
from the complicated climate data containing complicated
multiple variables. To finish the goal, we proposed the
multiple-layer deep neural networks. On the hand, we
extract the data point from the original of climate data
with the dense sampling, because sampling theorem
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enables that the reconstruction discrete surface can
converge to the original surface of climate data. On the
other hand, to minimize the error between the original
data trajectory and the extracted data trajectory, the loss
function was derived using Brenier’s theorem. By doing so,
the deep neural networks can extract the data trajectory
from climate data as accurately as possible.

The rest of the paper is organized as follows. Section 2
summarized the related works. In Section 3, we used the
sampling theorem to extract the data pairs, then
introduce the Brenier theoretical function into the deep
neural networks as the loss function. Section 4 verified the
proposed method, and discussed the experimental results.
Finally, Section 5 drew the conclusion and directed the
future work.

2. Related works

Scholars proposed the thoughts for data trajectory
discovery and patterns extraction, including (i) Feature-
based methods, which represent high-dimensional data
through choosing a small feature subset (Yamada et al.
2018; Pang et al. 2018). Such as the method based on
domain knowledge feature proposed in Ref. (Lei Wang et
al. 2024) and Ref. (Binhui Xie et al. 2023). And the method
based on feature coupling generalization (Run Jiang et al.
2023). Feature-based methods can save rich information
as far as possible and filter irrelevant attributions (Berdn
et al. 2019; Sekeh and Hero 2019), moreover, the
obtained information is interpretable. Currently, Feature-
based methods can be categorized into filter method,
wrapper method, embedded method. Filter method
evaluates feature scores through using data intrinsic
features (Zhang et al. 2019), however, there might obtain
poor patterns. Such as the method implemented in Ref.
(Mafarja and Mirjalili 2018) and Ref. (Gokalp et al. 2020).
The method (Learning Wrapper Techniques et al. 2022)
based on wrapper shows superior performance, while
encounters a risk of falling into local optimum. Compared
to wrapper method, embedded method, such as the
method proposed in Ref. (He Li et al. 2023), has relatively
lower cost consumption (Li et al. 2019).

(ii) Kernel-based methods, which can capture valuable
information from background space (Zhao Zhang et al.
2019). The selection of the kernels has a critical effect on
the results for such methods. To explore deeper relation
patterns, Wei et al. (2020) took account into a multiple
kernel rather than a single kernel. Similarly, these
instances implemented in Ref. (Jiyuan Liu et al. 2022;
Kenneth Yeonkong Ma and Chein-l. Chang 2022; Zhaoyu
Lei et al. 2022).

(iii) Deep architectures-based methods, which have
natural ascendency to capture deep representations
between the data (Jian Zheng and Xin Hu 2024). Such as
Recurrent Neural Networks (RNNs) (Zhangmeng Liu and
Philip S. Yu 2019) and the Deep Convolutional Neural
Networks (Kunihiko Fukushima 2021). The Ref. (Hongchun
Qu et al. 2022) uses the deep neural networks to
successfully capture the trajectorys from the high-
dimensional data, and indicates that high dimensionality
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of the data has a negative impact on the trajectorys.
Moreover, extremely high dimensions of the data may
lead to the extracted trajectory deformity.

3. Methodology

In terms of deep learning, each point of the trajectory can
be mapped to the point of the parameter domain, that is,
points in the background space are mapped to points in
the hidden space, called encoding. The deep neural
networks map a neighborhood of data trajectory to the
hidden space and the probability distribution of the data
to the parameter domain in the hidden space. Different
coding  mappings present different  probability
distributions in the hidden space in the process of
analyzing data.

3.1. Sampling data

We apply dense sampling on the data space, then
infinitely approximate the original space by the sampling
data. The approximation accuracy is determined by the
sampling density. Based on this, the (3,€) net is considered,
and the sampling condition should satisfy that there is at
least one sampling point inside any geodesic disk of radius
4 on the surface, and that the distance between any two
sampling points is no less than . This is to ensure that the
reconstructed discrete surface can converge to the
original surface. The common convergence distances
contain Hausdorff distance, geodesic distance, curvature
measure and Laplace-Beltrami operator and so on. Here,
we chose the Hausdorff distance.

3.2. The model

Lemma 1. Brenier theorem (Brenier Yafnn 1991). Suppose
x and y are the Euclidean space [I” , and the
transportation cost is the quadratic Euclidean distance
c(x,y) = c|x - y|2 If u is absolutely continuous and u, v
have finite second order moments, then there exists a
convex functionis g : X —[ , such that the gradient map

Vu gives the unique solution to the Monge’s problem,
where W is called Brenier’s potential, Vu is called Brenier
mapping or the optimal transmission mass mapping. In
general, u is not unique.

According to the Brenier theorem, if the source
probability measure u satisfies some very broad
conditions, such as absolute continuity, the finite of
second moment, then the optimal transmission map exists
and is unique. If the optimal transmission map is a
gradient map of a convex function, then the convex
function is called the Brenier potential energy, i.e.,
p1:Q—10, where Q is its convex area. The function u is

convex, that is, the Hessian matrix of the function is
positive definite.

The gradient mapping of Brenier's potential function
isVu:QQ — Q. Using the gradient mapping can map point
peQ to Vu (p)eQ. So, the gradient mapping should
satisfy the Jacobi equation, and from that, we get the
Monge-Ampere equation, having that

det(D*u) = —-— @)
voVyu
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The optimal transfer mapping (Kehua Su et al. 2018) is the
gradient of the convex function u, i.e.,f = Vu. Gu et al.
(2016) proved the existence of solution of Monge-Ampere
equation, then proposed that it solved the solution with
convex geometry. We added the Brenier function into the
deep neural networks, that is, we modified the loss
function of deep neural networks as follows.

J.(W.,b)y=J(W,b)+© (2)

SO D) =23 JW.b:30, 5+ Y YT 7))
ng k=1 i=l j=1
Where O is the Brenier function. The gradient descent
method is used to solve the optimization parameters, as
shown in algorithm 1.

Figure 1 unveils that the deep neural networks encoded
the climate data. The deep neural networks contain three
hidden layers, then each hidden layer encodes the
different contents. Our objects are that we find low-
dimensional (3-dimension) representation of each sample
to discovering trajectory from the 8 variables. The first
layer and second layer encoded the longitude and latitude
of location, respectively, then the third layer encoded the
climate parameters. Date from, 2015 (360 days). Low
spatial (earth surface 80km-120km), 8 latitudes, 8
longitudes. Each sample composed of 8 x 8 x 8 = 512
variables.

3.3. Time complexity

The time consumption of Algorithm 1 consists of the
training time of the model. Assuming that the model is
trained n time, and the data dimensionality is m,
therefore, the time complex is O(n*m)

Algorithm 1
1 Initialization % =0andb® =0
2 For i=1 to m:
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Figure 1. Encoding the climate data. The first layer and second
layer encoded the longitude and latitude of location,
respectively, then the third layer encoded the climate

parameters.

4. Experiment results

We applied the ECMWF climate data to verify the
proposed method. ECMWF climate data in a year is used
as experimental dataset. Data dimensionality and data

volume are 512 and 40000. For the description of the
dataset, please refer at https://atmosphere.
copernicus.eu/

Apart from our method, the Kernel Principal components
analysis (KPCA) (Zhaoyu Lei et al. 2022) and Deep CNN
(Zhangmeng Liu and Philip S. Yu 2019) are used as a
comparison.

4.1. Performance analytic

Figure 2 showed this results that our deep neural
networks applied the different function as model loss
function. We compared Brenier function (BF) with Square
loss function (SLF), Absolute loss function (ALS) and
Exponential loss function (ELS). Compared results show
that the loss value in Figure 2(a) is lower than that in
Figure 2(b), Figure 2(c) and Figure 2(d). The final loss value
of BF is 0.03, and the loss value of three loss functions SLF,
ALS, ELS is 0.1. In the process of testing, the three loss
functions LF, ALS, ELS present high frequency fluctuation.
Additionally, BF presented better stability than the three
loss functions LF, ALS, ELS, that is, it converges faster than
them. That is why we chose the Brenier function as our
loss function of the deep neural networks.

Figure 3 presented the reconstruction error with three
different approaches, displaying that the smallest and
biggest mean value of reconstruction error are our deep
neural networks and KPCA, respectively. Because of
introducing the Brenier potential energy function into our
deep neural network, we obtain the lower reconstruction
error than the two opponents KPCA, Deep CNN. This
means that the reconstruction error has an impact on
extracting the trajectory of high-dimensional data.

et Tt Square loss function

— train 0301 | — train
asef | [ | st

loss *'° loss
valus aos{ | value *°

loss \ \
value 0201 '} value 0204 §

Figure 2. Comparisons of different loss functions. (a), (b), (c), (d)
display Brenier function, Square function, Absolute function and
Exponential function as the loss function, respectively.
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Figure 3. Reconstruction error of the different approaches. The
error comparisons between the three methods.



4.2. Comparisons of the extracted trajectory

The visualized results in Figure 4 shows that the clustering
results obtained by our deep neural networks are superior
to those obtained by Deep CNN and KPCA. This means
that our deep neural networks discover the data
trajectory of climate data from the complicated climate
data better than the two opponents Deep CNN and KPCA.
In Figure 4, it can be observed that the climate trajectory
trajectories obtained by our model are more regular than
those obtained by Deep CNN and by KPCA, because we
applied the Brenier theorem and dense sampling in the
process of analyzing the original data. Our deep neural
networks contain three layers, as expected, which has
captured the annual cycle. Through removing this non-
eigenvalue information from the original data, we success
in extracting the climate trajectory shape of each season.

The reconstruction error has impact on the loss function,
which means that we should consider the type of loss
functions for extracting the trajectory from the
complicated data with deep learning methods. Brenier
theorem indicates that the Brenier function is the optimal
transport mapping under certain conditions, so our deep
neural networks gain the lowest loss value and better
stability. Comparison with non-deep learning methods,
the deep learning has more advantage in discovering the
trajectory from the complicated high-dimensional data.
The accuracy of the trajectory discovery is enhanced after

introducing Brenier function into our deep neural network.

Because in the process of adjusting weight, deep learning
model makes the generated data distribution (output) to
approximate the original data distribution (input).
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Figure 4. Visualizations of the ECMWF climate data. (a), (b), (c)
display the deep neural networks visualization with 2-dimension
and 3-dimension, KPCA visualization with 2-dimension and 3-
dimension, Deep CNN visualization with 2-dimension and 3-
dimension, respectively.
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5. Conclusion

This paper investigated the problem the data trajectory
discovery from the complicated climate data. We applied
the sampling theorem to sample the original data, and
then the deep neural networks with Brenier function are
used as climate trajectory discovery. The experimental
results show that the trajectory extracted by our deep
neural networks are better than those extracted by the
opponents. Furthermore, our reconstruction error is the
smallest, compared with the opponents. In the future, we
will apply deep forest to extract the complicated pattern
from the climate data subject to noise environments.
Noise can interfere the relation pattern extraction
through mislead extractors.
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